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For a smooth f:]0,1]" = R

f(x)=f(x1, - an) = Z q)q(z Dgp(Tp))-

where ¢,, : |0,1] = R and ¢, : R — R are continuous.

- Summing and composition of univariate functions. Potentially address the curse of dimensionality

(COD).

- &, and ¢, , not necessarily smooth. In practice we may need more than two layers (but normally it

suffices with two layers).

Kolmogorov-Arnold Networks (KANSs)
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We parametrize the learnable activation functions by B-splines.

Approximation Theory

Suppose that a function f(x) admits a smooth representation

f:((I)L_lO(I)L_QO”-Oq)qu)())X,

(2)

where ®;; ; are smooth with derivatives uniformly bounded up to £ + 1-th order. Then using k-th order

B-splines with G + 1 grid points as activation functions, there exist ®¢

have the bound

|f—(®F_10®F yo---0®] 0 ®F)x|on < CGTHH™.

In particular for L? or RMSE, we have the scaling table

Lyt

Paper |dea Scaling exponent a
Sharma & Kaplan [5] Intrinsic dimensionality (k+1)/d
Michaud et al. [2] maximum arity 1
Poggio et al. |[3] | compositional sparsity m/2
Ours K-A representation k+1

such that forany 0 < m < k, we

(3)

Table 1. Scaling exponents from different theories £ o« N™¢. ¢: test RMSE loss, N: number of model parameters, d: input intrinsic dimension, k: order
of piecewise polynomial, m: derivative order as in function class Wp,.

Leveraging the 1D structure to get better scaling laws

Advantages of KAN Architecture

1. Interpretability: KANs with much smaller network size and fewer trainable parameters is normally
comparable in performance to MLPs. This makes t

2. Accuracy: KANs can achieve much smaller error c

laws.
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Figure 1. Should | used KANs or MLPs?

Other Applications
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‘or model reduction or symbolic regression.
N refinement of splines, with better scaling

- (What we have done:) Data regression; Anderson localization; Imaging.

- (Future works:) Large Language Models.
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We compare KANs and MLPs on four toy example, among which are exponential and Bessel functions.

test RMSE
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Figure 2. KANs can almost saturate the fastest scaling law predicted by our theory (a = 4), while MLPs scales slowly and plateau quickly.

Solving Partial Differential Equations (PINNSs)

We consider a Poisson equation with zero Dirichlet boundary data. For Q = [—1, 1}%, consider the PDE

u=0 on o).
f = —m*(1 + 4y?) sin(wz) sin(my?) + 27 sin(wx) cos(wy?) for which u = sin(7x) sin(7y?) is the true solution.

We use the framework of physics-informed neural networks (PINNs) [4] with loss prescribed by

[0SSpde = aloss; + 0SSy, == —— Z U (2i) + Uyy(2i)

0.01 = 1
— )] +—
L T

Ty
2 v
1=1

where we use |oss; to denote the interior loss, discretized and evaluated by a uniform sampling of n;
points z; = (z;,y;) Inside the domain, and similarly we use loss; to denote the boundary loss, discretized
and evaluated by a uniform sampling of n;, points on the boundary.
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Figure 3. The PDE example. We plot L2 squared and H1 squared losses between the predicted solution and ground truth solution. First and second:
training dynamics of losses. Third and fourth: scaling laws of losses against the number of parameters. KANs converge faster, achieve lower losses, and
have steeper scaling laws than MLPs.

Al for Math: Knot Theory
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Method Architecture Parameter Count Accuracy
Deepmind’s MLP 4 layer, width-300 ~ 3 x 10° 8%
KANS 2 layer, [17,1,14] (G = 3, k = 3) ~ 200 81.6%

(a) All 17 variables (test acc: 81.6%)

(b) 3 important variables (test acc: 78.2%)
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(¢) Dependence of test acc

on 3 variables
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Figure 4. Knot dataset, supervised mode. With KANs, we rediscover Deepmind’s results that signature is mainly dependent on meridinal translation.

In [1], supervised learning and human domain experts were combined to arrive at a new theorem relating
algebraic and geometric topological invariants. Deepmind’s main results for the knot theory dataset are:
(1) They use network attribution methods to find the signature o is mostly dependent on meridinal distance
u (real u,, imag u;) and longitudinal distance A. (2) Human scientists identified that ¢ has high correlation
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N the slope = Re(%) =
N much smaller networks and much more automation, but also
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and derived a bound for |20 —slope)|.
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